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A four-component dusty plasma consisting of electrons, ions, positively charged warm adiabatic dust, and
negatively charged cold dust is considered. The basic features of the electrostatic solitary structures in such a
four-component dusty plasma are investigated by the reductive perturbation method, which is valid for the
small amplitude solitary waves, and by the pseudopotential approach which is valid for the arbitrary amplitude
solitary waves. It is found that the presence of the positive dust component does not only significantly modify
the basic properties of the solitary potential structures, but also causes the coexistence of the positive and
negative solitary potential structures, which is an interesting feature shown in a dusty plasma with the dust of
opposite polarity. The basic features and the underlying physics of the electrostatic solitary structures, which
are relevant to cometary tails, upper mesosphere, Jupiter’s magnetosphere, etc., are briefly discussed.

DOI: 10.1103/PhysRevE.77.026406 PACS number�s�: 52.27.Lw, 94.05.Bf

I. INTRODUCTION

The physics of charged dust, which are ubiquitous in
space plasmas, has received a great deal of interest in under-
standing the electrostatic density perturbations and solitary
potential structures that are observed in different regions of
space, viz. mesosphere, cometary tails, planetary rings, plan-
etary magnetospheres, interplanetary space, interstellar me-
dia, etc. �1–5�. The electrostatic density perturbations and
solitary potential structures observed in such different re-
gions of space have been theoretically investigated by con-
sidering a most commonly used dusty plasma model �6–14�
that assumes electrons, ions, and negatively charged dust.

Rao et al. �6� and Mamun �11� considered negatively
charged mobile dust with Boltzmann electrons and ions, and
studied the basic features of the dust-acoustic �DA� solitary
waves by employing the reductive perturbation method �6�
and the pseudopotential approach �11�. The effects of the
dust charge fluctuation �8,9�, vortexlike ion distribution �10�,
nonplanar geometry �12�, and dust-neutral collisions �13� on
the basic features of the DA solitary waves have been inves-
tigated. Xue �14� has investigated the interaction of two DA
solitary waves in an unmagnetized dusty plasma containing
negatively charged dust, electrons, and ions. On the other
hand, Bharuthram and Shukla �7� have considered negatively
charged static dust with mobile ions and Boltzmann elec-
trons, and studied the dust ion-acoustic solitary waves.

The presence of positively charged dust has also been
observed in different regions of space, viz. cometary tails
�3,15�, upper mesosphere �16�, Jupiter’s magnetosphere
�3,17�, etc. There are three principal mechanisms by which
dust grains become positively charged �18�. These are �i�
photoemission in the presence of a flux of ultraviolet pho-
tons, �ii� thermionic emission induced by the radiative heat-
ing, and �iii� secondary emission of electrons from the sur-
face of the dust grains. Chow et al. �19� have theoretically
shown that due to the size effect on secondary emission,
insulating dust grains of different sizes can have the opposite
polarity �smaller ones being positive and larger ones being
negative�. This is mainly due to the fact that the excited

secondary electrons have shorter �longer� distances to travel
to reach the surface of the smaller �larger� dust grains �19�.

There is also direct evidence for the existence of both
positive and negative dust in different regions of space, viz.
cometary tails �3,15�, upper mesosphere �16�, Jupiter’s mag-
netosphere �3,17�, etc. Recently, based on these theoretical
predictions and satellite observations, Mamun and Shukla
�20� have considered a very simple dusty plasma model,
which assumes positive and negative dust only, and have
theoretically investigated the properties of linear and nonlin-
ear electrostatic waves in such a dusty plasma. The simple
dusty plasma model of Mamun and Shukla �20� is only valid
if a complete depletion of the background electrons and ions
is possible, and both positive and negative dust fluids are
cold. However, in most space dusty plasma systems a com-
plete depletion of the background electrons and ions is not
possible �5,21�, and the positive dust component is of finite
temperature. The present work is therefore attempted to gen-
eralize the model of Mamun and Shukla �20� to a more re-
alistic space dusty plasma situation, which is particularly rel-
evant to cometary tails �3,15�, upper mesosphere �16�, and
Jupiter’s magnetosphere �3,17�, by considering a four-
component dusty plasma containing negatively charged cold
dust �of larger size�, positively charged warm adiabatic dust
�of smaller size�, and Boltzmann electrons and ions. It is
found that the presence of the positive dust component does
not only significantly modify the basic properties of the soli-
tary potential structures, but also causes the coexistence of
the positive and negative solitary potential structures in such
a dusty plasma.

The paper is organized as follows. The basic equations
governing the dusty plasma system under consideration are
given in Sec. II. The properties of the small amplitude �SA�
electrostatic solitary potential structures are investigated in
Sec. III, and those of the arbitrary amplitude �AA� ones
are examined in Sec. IV. A brief discussion is presented in
Sec. V.

II. GOVERNING EQUATIONS

We consider an unmagnetized four-component dusty
plasma system consisting of negatively charged cold dust,
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positively charged warm adiabatic dust, and Boltzmann elec-
trons and ions. We assume that the negative dust grains are
much more massive than the positive ones. This model is
relevant to dusty plasmas in cometary tails �3,15�, upper me-
sosphere �16�, and Jupiter’s magnetosphere �3,17�, where
dust is charged by the secondary emission or photoemission
or thermionic emission, and the dust size effect on the latter
is important. The dynamics of the one dimensional DA
waves �5,6,11� in such a dusty plasma system is governed by
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where N1 �N2� is the negative �positive� dust number density
normalized by its equilibrium value n10 �n20�, U1 �U2� is the
negative �positive� dust fluid speed normalized by C1
= �Z1kBTi /m1�1/2, � is the wave potential normalized by
kBTi /e, �=Z2m1 /Z1m2, P2 is the thermal pressure of the
positive dust fluid normalized by its equilibrium value
n20kBTd, �d=Td /Z2Ti, �e=ne0 /Z1n10, �i=ni0 /Z1n10, �2=1
+�e−�i, �=Ti /Te, Z1 �Z2� is the number of electrons �pro-
tons� residing on a negative �positive� dust, m1 �m2� is the
mass of the negative �positive� dust particle, Ti �Te� is the ion
�electron� temperature, Td is the temperature of the positive
dust fluid, kB is the Boltzmann constant, and −e is the elec-
tronic charge. The time variable t is normalized by �p1

−1

= �m1 /4�Z1
2e2n10�1/2, and the space variable x is normalized

by �D= �Z1kBTi /4�Z1
2e2n10�1/2. It should be mentioned here

that the effects of the dust charge fluctuation �22� have been
neglected since the dust charging time �few microseconds� is
much less than the time period �a fraction of a second� of the
low-frequency DA waves under consideration �5�.

III. SA SOLITARY WAVES

We first investigate the basic features of the small ampli-
tude �SA� electrostatic solitary waves by the reductive per-
turbation technique, and the stretched coordinates �23� �
=	1/2�x−V0t�, 
=	3/2t, where 	 is a small parameter measur-
ing the weakness of the dispersion, and V0 is the phase speed
normalized by C1. The variables N1, U1, N2, U2, P2, and �
can be expanded in power series of 	 as
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Now, expressing Eqs. �1�–�6� in terms of � and 
, and
substituting Eqs. �7�–�12� into the resulting equations �Eqs.
�1�–�6� expressed in terms of � and 
�, one can easily de-
velop different sets of equations in various powers of 	. To
the lowest order in 	 one obtains
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where ��=1−3��d /V0
2, ��=��d��i+�e��, and �p= �1

−12��d / �1+��2+���2�1/2. Equation �16� is the linear dis-
persion relation for the DA waves propagating in a dusty
plasma under consideration. Similarly, to the next order in 	,
one gets another set of equations which, after using Eqs.
�13�–�16�, can be reduced to a Korteweg–de Vries �KdV�
equation,
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where the coefficients A and B are given by
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and ��= �1+��d /V0
2� /��

3 . Now, transforming the indepen-
dent variables � and 
 to �=�−U0
� and 
=
� �where U0 is
a constant speed normalized by C1�, and imposing the appro-
priate boundary conditions �viz. ��1�→0, ���1� /��→0,
�2��1� /��2→0 at �→ ��, one can express the stationary
solitary wave solution of the KdV Eq. �17� as

��1� = �m sech2��/�� , �20�

where the amplitude �m �normalized by kBTi /e� and the
width � �normalized by �D� are given by
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�m =
3U0

A
, �21�

� = 	4B/U0. �22�

It is obvious from Eqs. �20�–�22� that as U0 increases, the
amplitude �width� of the solitary waves increases �de-
creases�. It is clear from Eqs. �18�, �20�, and �21� that the
solitary potential profile is positive �negative� if A�0
�A�0�. Therefore A��=�c�=0, where �c is the critical value
of � above �below� which the solitary waves with a positive
�negative� potential exists gives the value of �c. To find the
parametric regimes for which the positive and negative soli-
tary potential profiles exist, we have numerically analyzed A,
and obtain A��=�c�=0 surface plots. The A��=�c�=0 sur-
face plots are shown in Figs. 1 and 2. It is clear from Eq. �21�
that �m=� at �=�c. This means that the small amplitude
solitary waves with a negative �positive� potential exist for a
set of dusty plasma parameters corresponding to any point
which is much below �above� the A��=�c�=0 surfaces
shown in Figs. 1 and 2. Figures 1 and 2 show that �c, which
is a function of �, �d, �e, and �i, increases with the increase
of �, �e, and �i for a constant �d. Therefore for typical dusty
plasma parameters, viz. �d=0.001, �=0.1–0.9, �e
=0.2–0.9, and �i=0.3–0.9, we have the existence of the
small amplitude solitary waves with a negative potential for
�=0.095��c, and with a positive potential for �=1.495
��c.

To examine the basic properties �amplitude and width� of
the small amplitude electrostatic solitary structures, the soli-
tary profiles of �
	��1� are graphically shown. These are
displayed in Figs. 3–8. It is obvious from Figs. 3–5 that the
magnitude of the amplitude and the width of the negative
solitary potential profiles decrease with the increase of �e,
�i, and �. On the other hand, it is seen from Figs. 6–8 that
the amplitude of the positive solitary potential profiles in-
creases with the increase of �e, �i, and �, but their width
decreases with the increase of �e, �i, and �. One can easily
check by such a numerical analysis that the effect of �d on
these basic features of the DA solitary waves is not signifi-
cant �in comparison with that of �e, �i, and ��. However,
analyzing the variation of �m and � with only �d �keeping
the other parameters constant�, one can show that as �d is
increased, the amplitude ��m� decreases, but the width ���
increases. It may be noted here that if one sets �d=0, and,
instead of the combined effects of these parameters, one ana-
lyzes the effects of any single parameter �keeping the other
parameters constant� on these features of the DA solitary
waves, these results completely agree with the work of Sayed
and Mamun �21� which is valid only for the small amplitude
solitary waves, but not for the arbitrary amplitude �AA� soli-
tary waves.

IV. AA SOLITARY WAVES

To study the arbitrary amplitude solitary waves, we em-
ploy the pseudopotential approach �24� by assuming that all
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dependent variables depend on a single variable �=x−Mt,
where M is the Mach number. This transformation ��=x
−Mt� along with the steady state condition �� /�t=0� allows
us to write Eqs. �1�–�6� as

M
�N1

��
−

�

��
�N1U1� = 0, �23�

M
�U1

��
− U1

�U1

��
= −

��

��
, �24�

M
�N2

��
−

�

��
�N2U2� = 0, �25�

M
�U2

��
− U2

�U2

��
= �� ��

��
+

�d

N2

�P2

��
� , �26�

M
�P2

��
− U2

�P2

��
− 3P2

�U2

��
= 0, �27�

�2�

��2 = N1 − �2N2 + �ee
�� − �ie

−�. �28�

Now, using Eqs. �23�–�26� and applying the appropriate
boundary conditions for localized perturbations �viz. N1→1,
N2→1, U1→0, U2→0, P2→1, and �→0 at �→ ��, one
can express N1 and N2 as
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�→ �, one obtains

1

2
�d�

d�
�2

+ V��� = 0, �31�

where V��� is given by

V��� = −
�e

�
e�� − �ie

−�

− M2�1 +
2�

M2 �1/2

−
�2MM�

�	2
��1 + �2�1/2

− 23/2�d
�2M3

M�
3 ��1 + �2�−3/2 + C , �32�

-20
-10

0
10

20
ξ 0.2

0.4

0.6

0.8

σ
-0.4
-0.3
-0.2
-0.1

0

Ψ

-20
-10

0
10

20
ξ

FIG. 5. �Color online� Showing how the amplitude and the
width of the negative solitary potential profiles vary with � for
�e=0.2, �i=0.6, �=0.1, �d=0.001, U0=V0, and 	=0.05.

-20

0

20ξ 0.2

0.4

0.6

0.8

µe

0
0.1

0.2

0.3

Ψ

-20

0

20ξ

FIG. 6. �Color online� Showing how the amplitude and the
width of the positive solitary potential profiles vary with �e for
�i=0.6, �=0.5, �=1.5, �d=0.001, U0=V0, and 	=0.05.

-20
-10

0
10

20
ξ

0.3

0.4

0.5

0.6

0.7

µe

0
0.1
0.2
0.3

Ψ

-20
-10

0
10

20
ξ

FIG. 7. �Color online� Showing how the amplitude and the
width of the positive solitary potential profiles vary with �i for
�e=0.2, �=0.5, �=1.5, �d=0.001, U0=V0, and 	=0.05.

-20
-10

0
10

20
ξ 0.2

0.4

0.6

0.8

σ
0

0.1
0.2
0.3

Ψ

-20
-10

0
10

20
ξ

FIG. 8. �Color online� Showing how the amplitude and the
width of the positive solitary potential profiles vary with � for �e

=0.2, �i=0.6, �=1.5, �d=0.001, U0=V0, and 	=0.05.

A. A. MAMUN PHYSICAL REVIEW E 77, 026406 �2008�

026406-4



in which C is the integration constant and is chosen in such
a way that V���=0 at �=0. Equation �31� can be regarded
as an “energy integral” of an oscillating particle of unit mass,
with pseudospeed d� /d�, pseudoposition �, pseudotime �,
and pseudopotential V���.

The expansion of V��� around �=0 is

V��� = C2�2 + C3�3 + ¯ , �33�

where

C2 = −
1

2
��i + ��e −

1

M2�1 +
��2

�o
�� , �34�

C3 =
1

6
��i − �2�e −

3

M4 �1 − �2�2�c�� , �35�

in which �c= �1+��d /M2� /�o
3 and �o=1−3��d /M2. To

compare the basic features of the solitary structures obtained
from the reductive perturbation method �23� with those ob-
tained from this pseudopotential approach �24�, let us first
consider small amplitude solitary waves for which V���
=C2�2+C3�3 holds good. This approximation allows us to
write the small amplitude solitary wave solution of Eq. �31�
as

� = �−
C2

C3
�sech2�	−

C2

4
�� . �36�

This means that when C2�0, the small amplitude solitary
waves with a positive �negative� potential exist for �C3�0�
�C3�0�. So, C2�M =Mc�=0, where Mc is the critical value
of M above which the solitary wave solutions exist, gives the
value of Mc:

Mc
2 =

1 + ��2 + ��

2��i + �e��
�1 + �p� , �37�

and C3�M =Mc ,�=�c�=0 gives the value of �c. It is obvious
from Eqs. �16�, �18�, �35�, and �37� that V0=Mc and that
A��=�c�=0 and C3�M =Mc ,�=�c�=0 yield exactly the
same expression for �c. The variation of �c �obtained from
C3�M =Mc ,�=�c�=0 or A��=�c�=0� with different dusty
plasma parameters is shown in Figs. 1 and 2, which show
that �c increases with the increase of �, �e, and �i, and the
variation of Mc or V0 with different dusty plasma parameters
is shown in Figs. 9 and 10, which show that Mc increases
with the increase of � and �e, but decreases with the increase
of � and �i. Therefore the basic features of these small am-
plitude solitary structures identified by the pseudopotential
approach �24� are identical to those identified by the reduc-
tive perturbation method �23�.

We now study the nature of the arbitrary amplitude soli-
tary waves by analyzing the general expression for V���
�Eq. �32� or Eq. �33��. It is clear from Eq. �33� that V���
=dV��� /d�=0 at �=0. Therefore the solitary wave solu-
tions of Eq. �31� exist �25,26� if �i� �d2V /d�2��=0�0 so that
the fixed point at the origin is unstable, and �ii�
�d3V /d�3��=0� ���0 for the solitary waves with �� ���0.
Condition �i� is satisfied when C2�0, i.e., M �Mc, and
condition �ii� is satisfied when C3�M =Mc�� ���0, i.e.,

�� ����c for the solitary waves with �� ���0. To make it
more clear, we consider typical dusty plasma parameters,
namely, �=0.5, �d=0.001, �e=0.2, and �i=0.8. It is obvi-
ous from Figs. 1 and 2 that for this particular set of dusty
plasma parameters �c
0.995. Therefore for this particular
set of dusty plasma parameters, we have the existence of the
arbitrary amplitude solitary waves with a negative potential
for �=0.5��c and M �Mc
1.195, and the coexistence of
the arbitrary amplitude solitary waves with a positive poten-
tial for �=1.5��c and M �Mc
1.4095. We have verified
this result by the numerical analysis of Eq. �32�, and found
that for any set of dusty plasma parameters satisfying
M �Mc and ���c, the potential wells are formed in the
negative � axis only, i.e., the solitary waves exist with �
�0 only, and that for any set of dusty plasma parameters
satisfying M �Mc and ���c, the potential wells are formed
in both the positive and negative � axes, i.e., the solitary
waves with ��0 and ��0 coexist. One can also verify by
this numerical analysis that as �d is increased, the amplitude
�m �the nonzero value of � for which V��m�=0� of the DA
solitary waves decreases. It has been shown as an example
that for typical dusty plasma parameters, viz. �=0.5, �d
=0.001, �e=0.2, and �i=0.8, the solitary waves with a nega-
tive potentials exist for �=0.5��c and M �Mc
1.2 �as
clearly shown in Fig. 11�, and the solitary waves with nega-
tive and positive potential coexist for �=1.5��c and
M �Mc
1.4095 �as clearly shown Figs. 12 and 13�. It may
be noted here that one cannot show the potential wells on
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both the positive and negative � axes in a single surface plot
clearly, since for the same set of parameters �lying above the
C3�M =Mc ,�=�c�=0 surfaces� the potential wells formed in
the negative � axis are very deep in comparison with those
formed in the positive � axis. It should be kept in mind for
the numerical analysis of V��� that −M �2��M�

2�1
−M	12��d /M�

2� /� must be valid in order to have real val-
ues of N1 and N2.

V. DISCUSSION

The basic features of the DA solitary waves in an unmag-
netized dusty plasma containing the dust of opposite polarity
�cold negative dust and warm adiabatic positive dust� and
Boltzmann electrons and ions are investigated theoretically.
The results, which have been found from this investigation,
can be summarized as follows.

We have found that the presence of the positive �second�
dust component causes the existence of the positive solitary
potential profile. It is important to mention that if one ne-
glects the presence of the positive �second� dust component,
i.e., �=0, one finds that the nonlinear coefficient A of the
KdV equation is always negative. This means that the nega-

tive solitary potential profile can only exist. This completely
agrees with Mamun �11�.

It has been found for the small amplitude limit that �i� the
magnitude of the amplitude of the negative solitary profiles
and their width decreases with increasing the values of �e,
�i, and � �as is clearly shown in Figs. 3–5�; �ii� the ampli-
tude of the positive solitary potential profiles increases with
�e, �i, and � �as is clearly shown in Figs. 6–8�; �iii� the
width of both the negative and positive solitary profiles de-
creases with �e, �i, and � �as is clearly shown in Figs. 6–8�;
�iv� the speed of the small amplitude solitary waves increases
with the increase of � and � �as is clearly shown in Fig. 9�,
but decreases with the increase of � and �i �as is clearly
shown in Fig. 10�.

To study the properties of the arbitrary amplitude electro-
static solitary potential by the pseudopotential approach, it
has been found that the critical Mach number �Mc� for the
existence of the arbitrary amplitude solitary potential struc-
tures increases with � and � �as is clearly shown in Fig. 9�,
but decreases with � and �i �as is clearly shown in Fig. 10�.
The parametric regimes �corresponding to any point above
the C3�M =Mc ,�=�c�=0 surface plots, clearly shown in
Figs. 1 and 2� for the coexistence of the arbitrary amplitude
positive and negative solitary potential structures are ob-
tained �as is clearly shown in Figs. 12 and 13�. It has been
found that the presence of the positive dust component does
not only significantly modify the basic properties of the elec-
trostatic solitary potential structures, but also causes the co-
existence of the positive and negative solitary potential struc-
tures �as is clearly shown in Figs. 12 and 13�, which is an
interesting feature shown in a dusty plasma with the dust of
opposite polarity.

The ranges ��=0.1–0.9, �e=0.2–0.9, and �i=0.3–0.9�
of the dusty plasma parameters used in this numerical analy-
sis are very wide. Therefore the dusty plasma parameters
�viz. �, �e, and �i� corresponding to cometary tails �3,15�,
upper mesosphere �16�, and Jupiter’s magnetosphere �3,17�
are, certainly, within these ranges �viz. �=0.1–0.9, �e
=0.2–0.9, and �i=0.3–0.9�. The values of � and �d, for
which the existence of the solitary waves is found, are also
within the ranges of the dusty plasma parameters corre-
sponding to cometary tails �3,15�, upper mesosphere �16�,
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FIG. 12. �Color online� Showing the formation of the potential
wells in the positive � axis when M exceeds the value of Mc which
is 1.405 for �=1.5, �=0.5, �d=0.001, �e=0.2, and �i=0.8. This
means that the solitary waves with a positive potential exist.
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FIG. 13. �Color online� Showing the formation of the deeper
potential wells in the negative � axis when M exceeds the value of
Mc which is 1.405 for �=1.5, �=0.5, �d=0.001, �e=0.2, and �i

=0.8. This means that the solitary waves with a negative potential
exist. It may be noted here that the parameters used here are exactly
the same as those used in Fig. 12.
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FIG. 11. �Color online� Showing the formation of the potential
wells in the negative � axis when M exceeds the value of Mc

which is 1.195 for �=0.5, �=0.5, �d=0.001, �e=0.2, and �i=0.8.
We note that no potential well is formed in the positive � axis for
any values of �, �, �d, �e, and �i lying below the C3�M =Mc ,�
=�c�=0 surfaces. This means that in this case the negative solitary
potential structures can only exist.
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and Jupiter’s magnetosphere �3,17�. It ought to be stressed
that the solitary negative �positive� potential may trap posi-
tive �negative� dust, which, in turn, attract dust of opposite
polarity to form larger sized dust or to be coagulated into
extremely large sized neutral dust in cometary tails, upper
mesosphere, Jupiter’s magnetosphere, or even in laboratory
experiments. Therefore the present investigation can help us
to identify the origin of charge separation as well as dust
coagulation in a plasma containing positive and negative
dust. It can be expected that the basic features and the un-
derlying physics of the DA solitary waves that have been

presented in the present work should be verified by further
laboratory experiments. It may therefore be proposed to per-
form a laboratory experiment which will be able to identify
the special features of the DA solitary waves that have been
predicted in this investigation.
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